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Abstract
We establish several generalisations of Urysohn’s lemma in the setting of JB∗-triples which provide
full answers to Problems 1.12 and 1.13 in Fernández-Polo and Peralta (2007) [22]. These results extend
the previous generalisations obtained by C.A. Akemann, G.K. Pedersen and L.G. Brown in the setting of
C∗-algebras. A generalised Kadison’s transitivity theorem is established for finite sums of pairwise orthog-
onal compact tripotents in JBW∗-triples. We introduce the notion of positively open tripotent in the bidual
of a JB∗-triple as an extension of a concept which was already considered in the setting of ternary rings of
operators. We investigate the connections appearing between positively open tripotents and hereditary inner
ideals.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction
Suppose that C and O are two subsets of a topological compact Hausdorff space K with C
closed, O open and C ⊆ O . The classical Urysohn’s lemma assures the existence of a positive
element a in C(K), the C∗-algebra of all complex-valued continuous functions on K , satisfying
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istic function of A.
A multitude of generalisations of Urysohn’s lemma to the setting of (non-necessarily commu-
tative) C∗-algebras have been established during the last forty years. The successive generalisa-
tions in the setting of C∗-algebras started with the contribution of C.A. Akemann [2, Theorem I.1]
and were subsequently improved by C.A. Akemann [1,3], L.G. Brown [11, §3], and C.A. Ake-
mann and G.K. Pedersen [5, Lemma 2.7], among others.
A projection p in the bidual A∗∗ of a C∗-algebra A is called open (relative to A) if pA∗∗p∩A
is weak∗-dense in pA∗∗p. The projection p is said to be closed if 1 − p is open. A closed pro-
jection p in A∗∗ is compact if p  x for some norm-one positive element x in A. The collection
of all open projections in A∗∗ was called the hull-kernel structure of A by C.A. Akemann. The
hull-kernel structure can be considered analogous to the topology of the maximal ideal space of
an abelian C∗-algebra.
A generalised Urysohn’s lemma in the setting of C∗-algebras reads as follows:
Lemma 1.1. (Cf. [5, Lemma 2.7] or [11, Corollary 3.16].) Let A be a C∗-algebra. If p is a com-
pact and q an open projection in A∗∗ relative to A, such that pq = p, then there exists a positive
element x in A with p  x  q .
The above “topological” concepts make sense in a wider class of Banach spaces containing all
C∗-algebras. We refer to the class of JB∗-triples introduced by W. Kaup [28] in connection with
the study of bounded symmetric domains in complex Banach spaces. A JB∗-triple is a complex
Banach space E together with a continuous triple product {·, · ,·} :E × E × E → E, which is
conjugate linear in the middle variable and symmetric bilinear in the outer variables satisfying
that,
(a) (Jordan identity) L(a, b)L(x, y) = L(x, y)L(a, b) + L(L(a, b)x, y) − L(x,L(b, a)y),
where L(a, b) is the operator on E given by L(a, b)x = {a, b, x};
(b) L(a, a) is a Hermitian operator with non-negative spectrum;
(c) ‖L(a, a)‖ = ‖a‖2.
Every C∗-algebra is a JB∗-triple via the triple product given by
2{x, y, z} = xy∗z + zy∗x,
and every JB∗-algebra is a JB∗-triple under the triple product
{x, y, z} = (x ◦ y∗) ◦ z + (z ◦ y∗) ◦ x − (x ◦ z) ◦ y∗.
When a C∗-algebra, A, is regarded as a JB∗-triple, partial isometries in A coincide with
tripotent elements, that is elements e satisfying {e, e, e} = e, a concept we also use in gen-
eral JB∗-triples. Open and compact tripotents in the bidual of a JB∗-triple were introduced by
C.M. Edwards and G.T. Rüttimann in 1996 (see [20]). The concepts of closed and bounded tripo-
tents in the bidual of a JB∗-triple appeared ten years later in [21] (see Section 2 for a detailed
description). These notions give rise to the hull-kernel structure in JB∗-triples.
The hull-kernel structure in JB∗-triples has been intensively developed in recent years (see for
example [20,14,21,22,9,17,32] and [24]). In this setting, several versions of Urysohn’s lemma
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and 3.20]. Despite of the abundance of results, the following two problems have remained open.
Problem 1.12 in [22]. Let E be a JB∗-triple and let e, f be two non-zero orthogonal compact
tripotents in E∗∗ relative to E. Do there exist orthogonal norm-one elements x, y in E such that
eT x and f T y?
Problem 1.13 in [22]. Let u and e be two tripotents in the bidual of a JB∗-triple E such that u is
compact, e is open and u e. Does there exist a norm-one element x in E satisfying u x  e
(in the JBW∗-algebra E∗∗2 (e))?
These two problems were solved in the particular setting of ternary rings of operators or
Hilbert C∗-modules and positively open tripotents by D.P. Blecher and M. Neal in [9].
Section 2 is devoted to present some preliminary results.
In Section 3 we provide an answer to Problem 1.12 in the affirmative. Corollary 3.6 and
Proposition 3.7 give the following generalisations of Urysohn’s lemma: Let E be a weak∗-dense
JB∗-subtriple of a JBW∗-triple W and let u, v be two orthogonal tripotents in W . The following
statements hold:
a) If u is closed and v is compact relative to E, then there exists a norm-one element a in E
such that v T a, and a ⊥ u.
b) If u and v are compact relative to E, then there exist two orthogonal norm-one elements a,
b in E such that v T a, and uT b.
A generalised Kadison’s transitivity theorem for JB∗-triples is also obtained (see Theorem 3.9).
The main tool applied in this section is Theorem 3.2, which is an appropriate refinement of
a recent result characterising weak∗-closed faces of the closed unit ball in the dual space of a
JB∗-triple (cf. [24]).
Concerning Problem 1.13, we shall discuss the impossibility of obtaining an in-between norm-
one element as stated there. We establish the most general solution that can be expected for this
problem (see Corollary 3.4 and Remark 3.5).
In Section 4 we introduce positively open tripotents in a JBW∗-triple W relative to a weak∗-
dense JB∗-subtriple E as those tripotents e in W for which there exists an increasing net (xλ)
in E ∩ W2(e) such that 0  xλ  e in the JBW∗-algebra W2(e) and (xλ) converges to e in the
weak∗-topology of W . Positively open tripotent in W relative to E form a class strictly contained
in the set of open tripotents in W relative to E. Range tripotents in the bidual of a JB∗-triple, open
projections in the bidual of a C∗-algebra (respectively, in the bidual of a JB∗-algebra) and open
partial isometries in the bidual of a ternary ring of operators (in the sense employed in [9]) are
examples of positively open tripotents.
We prove that a tripotent e in W is positively open with respect to E if and only if there exists
an inner ideal I of E which is also a weak∗-dense JB∗-subalgebra of the JBW∗-algebra W2(e)
(Proposition 4.4). A positive answer to Problem 1.13 is given in Theorem 4.6 in the particular
case of positively open tripotents.
Notation. Given a Banach space X, we denote by X1 and X∗ the closed unit ball, and the dual
space of X, respectively. We habitually regard X as being contained in X∗∗ and we identify the
weak∗-closure, in X∗∗, of a closed subspace Y of X with Y ∗∗.
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Let E be a JB∗-triple. Every tripotent u in E (i.e. {u,u,u} = u) induces a decomposition
(called the Peirce decomposition)
E = E2(u) ⊕E1(u)⊕ E0(u),
where for i = 0,1,2, Ei(u) is the i2 eigenspace of L(u,u). The Peirce rules are that{Ei(u),Ej (u),Ek(u)} is contained in Ei−j+k(u) if i − j + k ∈ {0,1,2} and is zero otherwise.
In addition,
{
E2(u),E0(u),E
}= {E0(u),E2(u),E}= 0,
and for each x0 ∈ E0(u) and x2 ∈ E2(u) we have ‖x0 + x2‖ = max{‖x0‖,‖x2‖} (cf. [25,
Lemma 1.3]).
The corresponding Peirce projections, Pi(u) :E → Ei(u) (i = 0,1,2) are contractive and
satisfy
P2(u) = L(2L − Id), P1(u) = 4L(Id −L), and P0(u) = (Id − L)(Id − 2L),
where L is the operator L(u,u) and Id is the identity map on E (compare [25]). It is also known
that the Peirce-2 subspace E2(u) is a unital JB∗-algebra with unit u, product a◦u b = {a,u, b} and
involution au = {u,a,u} (cf. [10, Theorem 2.2] and [29, Theorem 3.7]). A non-zero tripotent
u ∈ E is called minimal if and only if E2(u) = Cu.
A JBW∗-triple is a JB∗-triple which is also a dual Banach space (with a unique predual [8]).
In particular, if u is a tripotent in a JBW∗-triple W then the Peirce projections associated to u are
σ(W,W∗)-continuous. The second dual of a JB∗-triple is a JBW∗-triple [16].
Given an element x in a JB∗-triple E, we shall denote x[1] := x, x[3] := {x, x, x}, and
x[2n+1] := {x, x[2n−1], x} (n ∈ N). The symbol Ex will stand for the JB∗-subtriple generated by
the element x. It is known that Ex is JB∗-triple isomorphic (and hence isometric) to C0(Ωx) for
some locally compact Hausdorff space Ωx contained in (0,‖x‖], such that Ωx ∪ {0} is compact,
where C0(Ωx) denotes the Banach space of all complex-valued continuous functions vanish-
ing at 0. It is also known that if Ψ denotes the triple-isomorphism from Ex onto C0(Ωx), then
Ψ (x)(t) = t (t ∈ Ωx) (cf. [27, Corollary 4.8], [28, Corollary 1.15] and [25]). Consequently,
for each natural n, there exists (a unique) x[1/(2n−1)] in Ex satisfying (x[1/(2n−1)])[2n−1] = x.
If x is a norm-one element, the sequence (x[1/(2n−1)]) converges in the weak∗-topology of E∗∗
to a tripotent denoted by r(x) and called the range tripotent of x. The tripotent r(x) is the
smallest tripotent e in E∗∗ satisfying that x is positive in the JBW∗-algebra E∗∗2 (e). It is also
known that the sequence (x[2n−1]) converges in the weak∗-topology of E∗∗ to a tripotent (called
the support tripotent of x) u(x) in E∗∗, which satisfies u(x)  x  r(x) in E∗∗2 (r(x)) (com-
pare [18, Lemma 3.3]; beware that in [20], r(x) is called the support tripotent of x).
Two elements a, b in a JB∗-triple E are said to be orthogonal (written a ⊥ b) if L(a, b) = 0.
It is known (compare [15, Lemma 1]) that for a, b in E, the following are equivalent:
a ⊥ b; {a, a, b} = 0; a ⊥ r(b);
r(a) ⊥ r(b); E∗∗2
(
r(a)
)⊥ E∗∗2
(
r(b)
); r(a) ∈ E∗∗0
(
r(b)
);
a ∈ E∗∗(r(b)); b ∈ E∗∗(r(a)); E ⊥ E .0 0 a b
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are orthogonal.
We shall make use of the natural partial order on the set of tripotents in a JB∗-triple. We write
u e for tripotents e and u in a JB∗-triple E if e − u is a tripotent orthogonal to u, equivalently,
P2(u)(e) = u or u is a projection in E2(e) (cf. [25, Corollary 1.7]).
We recall now the definitions of open, closed, bounded and compact tripotent in a JBW∗-
triple. Let X be a Banach space, E a weak∗-dense subset of X∗ and S a non-zero subset of X∗.
We say that S is open relative to E if S ∩ E is σ(X∗,X)-dense in Sσ(X∗,X) (cf. [21]). Let E be
a weak∗-dense JB∗-subtriple of a JBW∗-triple W . A tripotent u in W is said to be open relative
to E if W2(u) is open relative to E (compare [20, p. 167] and [21, p. 78]). A tripotent u in W
such that W0(u) is open relative to E is called closed relative to E. If there exists a norm-one
element x in E such that x = u + P0(u)(x), the tripotent u will be called bounded relative to E
and we shall write uT x (cf. [21]). The relation T is consistent with the natural partial order
on the set of tripotents, that is, for any two tripotents e and u we have u e if and only if uT e.
Compact tripotents in W relative to E were introduced in [20, §4] and a more operative char-
acterisation was established in [21, Theorem 2.6]. Following [20], we shall say that a tripotent u
in W is compact relative to E if u = 0 or there exist a decreasing net, (uλ) ⊆ W , of support
tripotents associated to norm-one elements in E, converging in the weak∗-topology of W , to u.
When a C∗-algebra A is regarded as a JB∗-triple, then a projection (respectively, a partial
isometry) p in A∗∗ is open relative to A if and only if p is an open tripotent relative to A
(compare [1] or [4,5] or [33, Proposition 3.11.9]).
Most of the “topological” results concerning the hull-kernel structure of the projections (re-
spectively, tripotents) in the bidual of a C∗-algebra (respectively, a JB∗-triple) A can be extended
to the set of projections (respectively, tripotents) of any von Neumann algebra (respectively, any
JBW∗-triple) containing A as a weak∗-dense subspace.
Suppose that A is a weak∗-dense C∗-subalgebra of a von Neumann algebra W . Let π :A ↪→ W
denote the natural inclusion mapping. It is clear that π is a ∗-homomorphism with weak∗-
dense image. It follows from [33, Theorem 3.7.7] that there exists a normal (weak∗-to-weak∗-
continuous) surjective ∗-homomorphism π˜ :A∗∗ → W which extends π . Since ker(π˜) is a
weak∗-closed ideal of A∗∗, by [33, Proposition 2.5.4] ker(π˜) is of the form (1 − q)A∗∗ for
some central projection q in A∗∗. It follows that π˜ |qA∗∗ :qA∗∗ → W is a weak∗-continuous∗
-isomorphism and π˜ identifies with the canonical projection of A∗∗ onto qA∗∗. Let I denote
the ideal qA∗∗.
Suppose now that π˜ (p) is a projection in W , where p is a projection in I ⊆ A∗∗. Since
pA∗∗p = pIp and π˜ |I : I → W is a weak∗-continuous ∗-isomorphism mapping (pA∗∗p)∩A =
(pIp)∩A onto (π˜(p)Wπ˜(p))∩A, we deduce that π˜ (p) ∈ W is open, closed or bounded relative
to A if and only if p enjoys the corresponding property in A∗∗ relative to A. Summarising, we
have:
Lemma 2.1. Let A be a weak∗-dense C∗-subalgebra of a von Neumann algebra W . Then there
exist a weak∗-closed ideal I in A∗∗ and a weak∗-continuous ∗-isomorphism ΨW : I → W . Fur-
ther, for each projection p ∈ I , it follows that Ψ (p) ∈ W is open (respectively, closed or compact)
relative to A if and only if p satisfies the corresponding property in A∗∗ relative to A.
Many results can be derived as a consequence of the above Lemma 2.1; the following general
version of Urysohn’s lemma is a first example.
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a compact and q an open projection in W relative to A, such that p  q , then there exists a
positive element x in A with p  x  q .
Proof. The statement follows combining Lemmas 2.1 and 1.1. 
The JB∗-triple analogue of Lemma 2.1 reads as follows.
Lemma 2.3. Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W . Then there exist a weak∗-
closed ideal I in E∗∗ and a weak∗-continuous triple-isomorphism Ψ : I → W . Further, for each
tripotent e ∈ I , it follows that Ψ (e) ∈ W is open (respectively, closed, bounded or compact)
relative to E if and only if e satisfies the corresponding property in E∗∗ relative to E.
Proof. Let π :E ↪→ W denote the natural inclusion mapping. Since π is a triple homomorphism
with weak∗-dense image, Proposition 6 in [6] assures that W is triple isomorphic to a weak∗-
closed ideal I of E∗∗ and π identifies with the restriction to E of the canonical projection of E∗∗
onto M . The rest of the proof follows the same argument employed in Lemma 2.1. 
Let us suppose that E is a weak∗-dense JB∗-subtriple of a JBW∗-triple W . The celebrated
Kaplansky Density Theorem (cf. [6, Corollary 5]) assures that
E1 is σ(W,W∗)-dense in W1. (2.1)
Let E be a JB∗-triple. A (closed) subtriple I of E is said to be an ideal of E if {E,E, I } +
{E,I,E} ⊆ I . We shall say that I is an inner ideal of E whenever {I,E, I } ⊆ I . For each x in E,
E(x) will denote the norm-closure of {x,E,x} in E. It is known that E(x) coincides with the
norm-closed inner ideal of E generated by x. L.J. Bunce, Ch.-H. Chu and B. Zalar established
in [13, Proposition 2.1] that E(x) is a JB∗-subalgebra of the JBW∗-algebra E(x)∗∗ = E(x)w∗ =
E∗∗2 (r(x)) and contains x as a positive element, where r(x) is the range tripotent of x in E∗∗.
Suppose now that E is a weak∗-dense JB∗-subtriple of a JBW∗-triple W . Let P :E∗∗ → W
denote the weak∗-continuous projection of E∗∗ onto W (compare the proof of Lemma 2.3
or [6, Proposition 6]), and let u stand for P(r(x)). As P projects E∗∗2 (r(x)) onto W2(u) and acts
identically on E(x), the latter is seen to be a weak∗-dense JB∗-subalgebra of the JBW∗-algebra
W2(u) in the natural way.
3. Urysohn’s lemma and the hull-kernel structure
The problem of determining the weak∗-closed faces of the closed unit ball in the dual space of
a JB∗-triple was open for over twenty years. Quite recently, a full answer was provided in [24].
The so-called “facear” and “pre-facear” operations are essential tools to understand the descrip-
tion. Given a complex Banach space X, for each F ⊆ X1 and G ⊆ X∗1 , we define
F ′ = {a ∈ X∗1: a(x) = 1 ∀x ∈ F
}
, G′ =
{
x ∈ X1: a(x) = 1 ∀a ∈ G
}
.
According to this notation, the result describing weak∗-closed faces of the closed unit ball in the
dual space of a JB∗-triple reads as follows.
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Then u is compact relative to E if and only if the set
{u}′ =
{
ϕ ∈ E∗: ϕ(u) = 1 = ‖ϕ‖}
is σ(E∗,E)-compact. Further, the mapping u → {u}′, is an order isomorphism from the atomic
lattice of compact tripotents in E∗∗ onto the lattice of proper weak∗-closed faces of the closed
unit ball E∗1 in E∗.
For the purposes of this note, we shall require an adapted version of the above result.
Theorem 3.2. Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W and let u be a tripotent
in W . The following are equivalent:
a) u is compact relative to E;
b) u is closed and bounded relative to E;
c) {u}′,W∗ = {ϕ ∈ W∗: ϕ(u) = 1 = ‖ϕ‖} is σ(W∗,E)-compact;
d) {u}′,W∗ = {ϕ ∈ W∗: ϕ(u) = 1 = ‖ϕ‖} is σ(W∗,E)-closed.
In particular, the mapping u → {u}′, is an order isomorphism from the lattice of compact
tripotents in W relative to E onto the lattice of proper σ(W∗,E)-closed faces of the closed unit
ball W∗,1 in W∗.
Proof. The equivalence a) ⇔ b) was established in [21, Theorem 2.6]. The implication c) ⇒ d)
is clear. We shall prove a) ⇒ c) and d) ⇒ a) with a similar argument.
Let π :E ↪→ W and ı :E ↪→ E∗∗ denote the canonical inclusions of E into W and E∗∗,
respectively. By virtue of [6, Proposition 6] there exist a weak∗-closed ideal M in E∗∗ and a
weak∗-continuous triple-isomorphism Ψ :M → W such that π = Ψ ◦ P ◦ ı, where P denotes
the canonical projection of E∗∗ onto M . It is not hard to see that
{
Ψ−1(u)
}
′,E∗ = P ∗Ψ ∗{u}′,W∗ =
{
ϕΨP : ϕ ∈ {u}′,W∗
}
. (3.1)
a) ⇒ c) Suppose that u is compact relative to E. Lemma 2.3 assures that Ψ−1(u) ∈ E∗∗ is
compact relative to E and hence {Ψ−1(u)}′,E∗ is σ(E∗,E)-compact (compare Theorem 3.1). Let
(ϕλ) be a net in {u}′,W∗ . Since the net (ϕλΨP ) is contained in {Ψ−1(u)}′,E∗ , there exists a subnet
(ϕμΨP ) converging in the σ(E∗,E)-topology to an element ψ in {Ψ−1(u)}′,E∗ . Identifying E
with its images π(E) and ı(E), we deduce from the identity π = Ψ ◦ P ◦ ı, that (ϕμ) converges
in the σ(W∗,E)-topology to the element ψ |MΨ−1 ∈ {u}′,W∗ .
d) ⇒ a) Assuming that {u}′,W∗ is σ(W∗,E)-closed, it follows from (3.1) that {Ψ−1(u)}′,E∗ is
σ(E∗,E)-closed. Theorem 3.1 implies that Ψ−1(u) ∈ E∗∗ is compact relative to E. The impli-
cation d) ⇒ a) follows from Lemma 2.3.
The last statement is a consequence of the above arguments. 
Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W and let F be a JB∗-subtriple of W
which is open relative to E. Corollary 2.9 in [21] establishes that every tripotent u in Fσ(W,W∗)
which is compact relative to F ∩E is compact in W relative to E (a result which generalises [20,
Corollary 4.8]). Our next result goes further, proving that the reciprocal statement is also true.
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subtriple of W which is open relative to E, and let u ∈ Fσ(W,W∗) be a tripotent. The following
are equivalent.
a) u is compact in Fσ(W,W∗) relative to F ∩ E.
b) u is compact in W relative to E.
Proof. The implication a) ⇒ b) was established in [21, Corollary 2.9].
b) ⇒ a) Suppose that u is compact in W relative to E. In order to simplify notation, in this
proof we shall denote by V the JBW∗-triple Fσ(W,W∗). As soon as we have realized that, {u}′,V∗
is σ(V∗,F ∩ E)-closed, the statement will follow from Theorem 3.2. In order to see the latter,
let (ϕλ) be a net in {u}′,V∗ ⊂ V∗ converging in the σ(V∗,F ∩E)-topology to an element ϕ ∈ V∗.
By [12, Theorem] there exists ψ ∈ W∗ such that ψ |V = ϕ and for each λ there exists ψλ ∈ W∗
satisfying ψλ|V = ϕλ. Since Theorem 3.2 guarantees that {u}′,W∗ is σ(W∗,E)-compact, there
exists a subnet (ψμ) converging to some ψ1 ∈ {u}′,W∗ in the σ(W∗,E)-topology. In this case
ψμ|E∩F = ϕμ|E∩F converges to ϕ|E∩F and to ψ1|E∩F in the σ(V∗,F ∩E)-topology. Therefore
ϕ|E∩F = ψ1|E∩F . Since ϕ and ψ1|V are σ(V,V∗)-continuous and E ∩ F is σ(V,V∗)-dense (or
σ(W,W∗)-dense) in V , we have ϕ = ψ1|V . Finally, the inequalities ‖ϕ‖ ϕ(u) = ψ1(u) = 1
‖ϕ‖ show that ϕ ∈ {u}′,V∗ . 
The following corollary, which solves Problem 1.13 in [22], is a direct consequence of the
previous proposition.
Corollary 3.4. Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W . Let u, e be two
tripotents in W with u  e, u compact and e open relative to E. Then there exists a norm-one
element y in E ∩E∗∗2 (e) such that uT y (that is, y = u + P0(u)y).
Remark 3.5. It should be noticed that Corollary 3.4 is the most general answer that can be
given to Problem 1.13 in [22]. We cannot guarantee, in general, that the element y appearing
in the above corollary satisfies the inequality y  e in the JBW∗-algebra E∗∗2 (e). The following
example shows the optimality of Corollary 3.4. Let E = C[0,1]. The elements u = χ[0, 12 ] and
e = χ[0, 12 ] − χ( 12 , 34 ) are two tripotents in E
∗∗ with u compact and e open relative to E. It is easy
to see that there exists no element y ∈ E satisfying u y  e, where “” is the order relative to
the JBW∗-algebra E∗∗2 (e).
We can now deal with further generalisations of Urysohn’s lemma.
Corollary 3.6. Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W . Let u, v be two
orthogonal tripotents in W with u closed and v compact relative to E. Then there exists a norm-
one element a in E such that v T a, and a ⊥ u.
Proof. By hypothesis u is closed relative to E and hence W0(u)∩E is a weak∗-dense subtriple of
W0(u), that is, W0(u)∩E is an open subtriple of W0(u). Since v ∈ W0(u) is a compact tripotent
in W relative to E, Proposition 3.3 implies that v is compact in W0(u) relative to W0(u) ∩ E.
Theorem 3.2 a) ⇔ b), assures the existence of a norm-one element a ∈ W0(u) ∩ E such that
v T a. Finally, a ⊥ u because a lies in W0(u). 
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is defined by B(x, y)(z) = z − 2L(x, y)(z) + Q(x)Q(y)(z), for all z in E (compare [30]
or [36, p. 305]). In the particular case of u being a tripotent in E, it is known that P0(u) =
B(u,u).
We can now establish a generalised Urysohn’s lemma which solves Problem 1.12 in [22].
Proposition 3.7. Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W . Let u, v be two non-
zero orthogonal compact tripotents in W relative to E. Then there exist two orthogonal norm-one
elements a, b in E such that v T a, and uT b. In particular u + v is compact relative to E.
Proof. By Corollary 3.6, there exists a norm-one element x ∈ E such that v T x, x ⊥ u. Since
u is compact, there exists a norm-one element y ∈ E satisfying uT y.
Arguing as in the proof of [22, Theorem 1.4], we take a and z norm-one elements in Ex
satisfying v  u(x)  a  u(z)  z (where  denotes the order in Ex ∼= C0(Ωx)). We define
b := B(z, z)y ∈ E. Lemma 1.2 in [23] guarantees that b is an element in the closed unit ball of
W0(u(z)) ∩E, and hence a ⊥ b (because a ∈ W2(u(z)) ∩E).
Since x ⊥ u we have Ex ⊆ W0(u)∩E. Therefore z ∈ W0(u)∩E and y = u+P0(u)(y). Now,
we can check, applying Peirce rules, that
B(z, z)y = y − 2L(z, z)y +Q(z)2y = u+ P0(u)
(
B(z, z)y
)
,
which gives uT b.
In order to prove the last statement of the proposition, we note that a + b is a norm-one
element in E with u + v T a + b, thus, by Theorem 3.2, it is enough to prove that u + v is
closed relative to E. From Proposition 3.3, u is closed in W0(v) relative to W0(v)∩E. Therefore
W0(u + v)∩E =
(
W0(u) ∩W0(v)
)∩E = (W0(v))0(u) ∩
(
W0(v)∩E
)
,
is weak∗-dense in W0(u + v), which completes the proof. 
The following Kadison’s transitivity theorem for JB∗-triples was established in [14, Theo-
rem 3.3] (compare [22, Corollary 1.3] for completeness).
Theorem 3.8. (See [14, Theorem 3.3].) Let E be a weak∗-dense JB∗-subtriple of a JBW∗-
triple W and let u1, . . . , un be orthogonal minimal tripotents in W with sum u. Then there exist
norm-one pairwise orthogonal elements, a1, . . . , an in E such that ui T ai for i = 1, . . . , n. In
particular, u is compact relative to E.
It was also proved in [14, Theorem 3.4] and [22, Corollary 1.3] that every minimal tripotent
in a JBW∗-triple W is compact relative to any weak∗-dense subtriple of W . It is natural to ask
whether in the above transitivity theorem, minimal tripotents can be replaced with compact tripo-
tents. Our following result gives a positive answer to this question and throws some light into the
hull-kernel structure in the setting of JB∗-triples.
Theorem 3.9. Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W and let u1, . . . , un be
orthogonal compact tripotents in W with sum u. Then there exist norm-one pairwise orthogonal
elements, a1, . . . , an in E such that ui T ai for i = 1, . . . , n. In particular, u is compact relative
to E.
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pose that n > 2 and the claim is valid for n − 1. By our induction hypothesis u1 + · · · + un−1
and un are two orthogonal compact tripotents in W relative to E. By Proposition 3.7 there exist
two orthogonal norm-one elements b and an in E such that u1 + · · · + un−1 T b and un T an.
E(b) is a weak∗-dense subtriple of the JBW∗-triple W2(r(b)) and u1, . . . , un−1 are orthogonal
compact tripotents in W2(r(b)) relative to E(b) (compare Proposition 3.3). By our induction
hypothesis, there exist norm-one orthogonal elements, a1, . . . , an−1 in E(b) such that ui T ai
for i = 1, . . . , n− 1. Since an is orthogonal to E(b) the other statements are clear. 
4. Positively open tripotents and hereditary inner ideals
When p is a projection in the bidual, A∗∗, of a C∗-algebra, A, it is well known that p is
open relative to A if and only if there exists an increasing net (xλ) in A ∩ pA∗∗p such that
0 xλ  p and (xλ) converges to p in the weak∗-topology of A∗∗, equivalently, p belongs to the
strong∗-closure of the hereditary C∗-subalgebra pA∗∗p ∩ A (compare [33, Proposition 3.11.9]).
A similar property holds for every open projection in the bidual of a JB-algebra (compare [31,
Lemma 3.2]) and for every range tripotent in the bidual of a JB∗-triple (compare [21, §2]).
The above characterisation of open projections in the bidual of a C∗-algebra, inspired
D.P. Blecher and M. Neal to consider a different notion of open tripotent in the bidual of a
ternary ring of operators in [9, p. 5]. A Hilbert C∗-module, or equivalently, a ternary ring of op-
erators (TRO for short) is a closed subspace Z of a C∗-algebra such that ZZ∗Z ⊆ Z. The class
of TROs is strictly contained in the class of JB∗-triples.
Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W . According to [9, p. 5] a tripotent e
in W will be called “positively open” if there exists an increasing net (xλ) in E ∩ W2(e) such
that 0 xλ  e in the JBW∗-algebra W2(e) and (xλ) converges to e in the weak∗-topology of W .
Every positively open tripotent in W is open in our sense. However the reciprocal is not always
true. For example, the tripotent e given in Remark 3.5 is open in Z∗∗ = C[0,1]∗∗ but it is not
positively open.
Range, open and positively open tripotents in JBW∗-triples were also considered in [32],
where the author reproves several results established in [21] and [22] and incorporates new in-
sights in the analysis of the suprema of families of range tripotents.
After being generalised for C∗-algebras and JB∗-triples, Urysohn’s lemma became relevant in
the study of positively open partial isometries in the setting of TROs developed by D.P. Blecher
and M. Neal. Concretely, in [9, Theorems 3.19 and 3.20] the authors solved Problems 1.12
and 1.13 in [22] in the special case in which JB∗-triples and open tripotents are replaced with
TROs and positively open tripotents, respectively. In this section we shall generalise Blecher–
Neal’s results to the setting of positively open tripotents in JBW∗-triples.
We begin with some technical results that will be needed in the sequel.
If Q is a convex set in a real topological vector space we denote by A(Q) the Banach space
of all real-valued continuous bounded functions f on Q which are affine in the sense that
f
(
λϕ + (1 − λ)ψ)= λf (ϕ) + (1 − λ)f (ψ),
for every convex combination of elements ϕ and ψ in Q. If 0 ∈ Q then A0(Q) denotes the set of
elements in A(Q) that vanish at zero.
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inner ideal of E. Let I denote the σ(W,W∗)-closure of I in W . Then I is a σ(W,W∗)-closed
inner ideal of W with predual I∗ and the following statements hold:
a) For each proper σ(I∗, I )-closed face F in I∗,1 there exists a proper σ(W∗,E)-closed face
F˜ ⊆ W∗,1 satisfying F = F˜ |I .
b) Let F˜ be a ( proper) σ(W∗,E)-closed face in W∗,1 such that F˜ |I is contained in the unit
sphere of I∗,1. Then F = F˜ |I is a proper σ(I∗, I )-closed face in I∗,1.
Proof. Since I is an inner ideal of E, it may be concluded, by the separate weak∗ continuity of
the triple product of W and the weak∗ density of E in W , that I is a σ(W,W∗)-closed inner ideal
of W .
By [19, Theorem 2.5] every non-zero element ϕ ∈ I∗ has a unique weak∗-continuous norm-
preserving linear extension to W . Therefore, the restriction mapping
Ψ :W∗,1 → I∗,1,
φ → φ|I ,
is surjective, affine and σ(W∗,E)− σ(I∗,E)-continuous.
a) Let F be a proper σ(I∗, I )-closed face in I∗,1. By the properties of Ψ , the set F˜ :=
Ψ−1(F ) ⊆ W∗,1 is a proper σ(W∗,E)-closed face in W∗,1 satisfying F = F˜ |I .
b) Let F˜ be a (proper) σ(W∗,E)-closed face in W∗,1 such that Ψ (F˜ ) is contained in the unit
sphere of I∗,1. We claim that F = Ψ (F˜ ) is a proper face of I∗,1. Indeed, let us suppose that
tϕ1 + (1 − t)ϕ2 ∈ F , where ϕi ∈ I∗,1 (i = 1,2), and t > 0. Since Ψ is surjective, there exist
φ1, φ2 ∈ W∗,1 such that Ψ (φi) = ϕi , i = 1,2. Thus, tϕ1 + (1 − t)ϕ2 = Ψ (tφ1 + (1 − t)φ2) lies in
F = Ψ (F˜ ), and hence there exists φ ∈ F˜ satisfying Ψ (tφ1 + (1 − t)φ2) = Ψ (φ). By the unique
norm-preserving extension property (compare, [19, Theorem 2.5]) we have tφ1 + (1 − t)φ2 =
φ ∈ F˜ . This shows that ϕi = Ψ (φi) lies in F = Ψ (F˜ ), because F˜ is a face.
We shall finally prove that F is σ(I∗, I )-closed. To this end, let (ϕλ) be a net in F converging
to some ϕ ∈ I∗,1 in the σ(I∗, I )-topology. Take a net (φλ) in F˜ , such that Ψ (φλ) = ϕλ. Recalling
that every (proper) σ(W∗,E)-closed face in W∗,1 is σ(W∗,E)-compact (compare Theorem 3.2),
we can find a subnet (φμ) converging to some φ ∈ F˜ in the σ(W∗,E)-topology. The net ϕμ =
Ψ (φμ) converges to ϕ and to Ψ (φ) in the σ(I∗, I )-topology. Therefore, ϕ = Ψ (φ) ∈ F . 
The next corollary is a direct consequence of Lemma 4.1 and Theorem 3.2.
Corollary 4.2. Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W , I an inner ideal of E
and let u be a tripotent in Iσ(W,W∗). The following are equivalent:
a) u is compact in W relative to E;
b) u is compact in Iσ(W,W∗) relative to I .
The proof of the following result will make use of a Kadison’s function representation for
JB-algebras. The original proof given by Kadison in the setting of C∗-algebras remains valid
for JB-algebras (compare [33, Theorem 3.10.3]). We shall outline here the proof. Let A be a
JB-algebra and let A∗ denote the positive part of the unit ball in the dual space of A. Clearly+,1
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continuous bounded affine function on A∗+,1 vanishing at zero, which will be denoted by â. The
mapping
·̂ :A → A0
(
A∗+,1
)
,
a → â
is a surjective linear isometry. It is clear that ·̂ is a well-defined linear operator. Lemma 3.6.8
in [26] assures that ·̂ is an isometry. In order to see the surjectivity, let f ∈ A0(A∗+,1). The
function f can be extended to the positive cone A∗+ by f˜ (ϕ) = ‖ϕ‖f (ϕ/‖ϕ‖) for each non-zero
ϕ ∈ A∗+. The additivity of the norm on A∗+ implies that f˜ is additive on A∗+. By the Hahn–
Jordan decomposition (cf. [26, Proposition 4.5.3]), every ϕ in A∗ can be (uniquely) written as
the difference of two elements in A∗+. Thus, there is a unique extension f˜ of f to a bounded,
symmetric, weak∗-continuous affine function on A∗, that is f˜ = â for a unique a ∈ A.
Lemma 4.3. For each element a in a JB∗-triple E, the inner ideal E(a) behaves hereditarily
with respect to E, that is, if b is another element in E such that 0 b  a in the JBW∗-algebra
E∗∗2 (r(a)), then E(b) ⊆ E(a).
Proof. We observe that 0 b a  r(a) in the JBW∗-algebra E∗∗2 (r(a)).
Let E(a)∗+,1 denote the positive part of the unit ball in the dual space E(a)∗ of the JB∗-algebra
E(a). It is clear that E(a)∗+,1 is a σ(E(a)∗,E(a))-compact convex subset of E(a)∗1.
Since E(a) is an inner ideal of E, every element ϕ ∈ E(a)∗ has a unique norm-preserving
linear extension Ψ−1(ϕ) in E∗ (cf. [19, Theorem 2.6]). The restriction mapping
Ψ :E∗1 → E(a)∗1,
φ → φ|E(a),
is σ(E∗,E)− σ(E(a)∗,E(a))-continuous.
Let fb :E(a)∗+,1 → C denote the bounded affine function defined by ϕ → Ψ−1(ϕ)(b).
Since E(a)∗+,1 coincides with the positive part of the unit ball in the predual of E∗∗2 (r(a)),
Ψ−1(ϕ)(b) = ϕ(b) ∈ R+0 for every ϕ in E(a)∗+,1. We claim that fb belongs to A0(E(a)∗+,1).
Indeed, let (ϕλ) be a net in E(a)∗+,1 converging to some ϕ ∈ E(a)∗+,1 in the σ(E(a)∗,E(a))-
topology. Since E∗1 is σ(E∗,E)-compact there exists a subnet (Ψ−1(ϕμ)) ∈ Ψ−1(E(a)∗+,1) con-
verging to some φ ∈ E∗1 in the σ(E∗,E)-topology. Clearly, ϕμ → Ψ (φ) in the σ(E(a)∗,E(a))-
topology, and hence Ψ (φ) = φ|E(a) = ϕ. Therefore,
fb(ϕμ) = Ψ−1(ϕμ)(b) → fb(ϕ) = Ψ−1(ϕ)(b).
This shows that for each net (ϕλ) in E(a)∗+,1 converging to some ϕ ∈ E(a)∗+,1 in σ(E(a)∗,E(a))-
topology, there exists a subnet (ϕμ) satisfying that fb(ϕλ) → fb(ϕ) in R. The continuity of fb
follows as an exercise from this fact.
From Kadison’s function representation (compare the above paragraph) there exists a positive
element c ∈ E(a) such that fb = ĉ in A0(E(a)∗ ), that is, ϕ(b) = ϕ(c) for every ϕ in the+,1
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contains the smallest norm-closed inner ideal generated by b. 
Let ϕ be a norm-one element in the predual W∗ of a JBW∗-triple W , it is known that, for each
norm-one element z in W with ϕ(z) = 1, the assignment
(x, y) → ϕ{x, y, z}
defines a positive sesquilinear form on W , which does not depend on the choice of the element z
(cf. [7, Proposition 1.2]). Thus, the mapping
x → ‖x‖ϕ :=
(
ϕ{x, x, z}) 12 ,
defines a prehilbertian seminorm on W . The strong∗-topology (noted by S∗(W,W∗)) is the topol-
ogy on W generated by the seminorms ‖ · ‖ϕ where ϕ runs in the unit sphere of W∗ (cf. [7]).
For each norm-one element ϕ in the dual space of a JB∗-triple E, the prehilbertian seminorm
‖ · ‖ϕ is defined on E∗∗ (and hence on E) by the assignment
x → ‖x‖ϕ :=
(
ϕ{x, x, z}) 12 ,
where z is any norm-one element in E∗∗ with ϕ(z) = ‖ϕ‖.
Since the strong∗-topology of a JBW∗-triple W is compatible with the duality (W,W∗)
(cf. [35] or [34, Corollary 9]), it follows by the bipolar theorem that for each convex C ⊆ W
we have
Cσ(W,W∗) = CS∗(W,W∗). (4.1)
Let now E be a weak∗-dense JB∗-subtriple of W . Combining (2.1) and (4.1) we deduce that
E1 is strong∗-dense in W1. (4.2)
The strong∗-topology on W enjoys another interesting property. The triple product of W is
jointly strong∗ continuous on bounded sets (cf. [7,34,35]).
Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W . We have already commented
that the range tripotent of every norm-one element in E is an open tripotent in W relative to E.
According to the comments appearing in p. 348, for each norm-one element x ∈ E, the inner ideal
E(x) plays with respect to W2(r(x)) the same role that the hereditary subalgebra pA∗∗p∩A has
played in the case of p being an open projection in the bidual of a C∗-algebra A. Our next result
extends this construction to positively open tripotents in JBW∗-triples.
Proposition 4.4. Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W and let e be a tripo-
tent in W . Suppose that there exists an increasing net (aλ) in E ∩ W2(e) such that 0  aλ  e
in the JBW∗-algebra W2(e) and (aλ) converges to e in the weak∗-topology of W . Then, de-
noting by E(e) the norm-closure of the set ⋃λ E(aλ), it follows that E(e) is a weak∗-dense
JB∗-subalgebra of the JBW∗-algebra W2(e) and a closed inner ideal of E. Further, E(e) be-
haves hereditarily with respect to E.
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⋃
λ E(aλ). Since (aλ) is an increasing net in E ∩ W2(e)
with 0 aλ  e (where denotes the order in the JBW∗-algebra W2(e)), Lemma 4.3 assures that
we can find an element aμ such that x, y ∈ E(aμ) ⊆ W2(r(aμ)). If we observe that r(aμ)  e,
then it follows by [13, Proposition 2.1] that
x ◦e y = {x, e, y} =
{
x, r(aμ), y
} ∈ E(aμ) ⊆
⋃
λ
E(aλ),
x∗e = {e, x, e} = {r(aμ), x, r(aμ)} ∈ E(aμ) ⊆
⋃
λ
E(aλ),
and
{x,E,y} ⊆ E(aμ) ⊆
⋃
λ
E(aλ),
which shows that E(e) is a JB∗-subalgebra of W2(e) and an inner ideal of E.
We shall finally prove that E(e)σ(W,W∗) = W2(e). Take z in W2(e). Since E1 is strong∗-dense
in W1 (cf. (4.2)), there exists a net (xδ) in E1 converging in the strong∗-topology of W to
{e, z, e}. Noticing that the net (aλ) is contained in the inner ideal E(e), we deduce that the net
({aλ, xδ, aλ})λ,δ also lies in E(e).
Since (aλ) is an increasing net of positive elements in the JBW∗-algebra W2(e) converging
to e in the weak∗-topology, by the reasoning given in [26, 4.1.3] (aλ) → e in the strong∗-
topology of W2(e), and hence in the strong∗-topology of W (see [12, Corollary]). The joint
strong∗ continuity of the triple product on bounded sets assures that ({aλ, xδ, aλ})λ,δ tends to z
in the strong∗-topology of W and hence in the σ(W,W∗)-topology. We have then shown that
z ∈ E(e)σ(W,W∗). 
Remark 4.5. The above Proposition 4.4 actually provides a characterisation of positively open
tripotents in JBW∗-triples. Concretely speaking, for each tripotent e in a JBW∗-triple W and
each weak∗-dense JB∗-subtriple E of W , the following are equivalent:
a) e is positively open relative to E.
b) There exists an inner ideal I of E satisfying that I is a weak∗-dense JB∗-subalgebra
of W2(e).
The implication a) ⇒ b) follows from Proposition 4.4, while b) ⇒ a) is a consequence of [26,
Proposition 3.5.4].
The main result of this section generalises [9, Theorem 3.19] and provides an optimal solution
to Problem 1.13 in [22] in the case of positively open tripotents in JBW∗-triples. Contrary to the
result in [9], the proof included here is not based on Akemann’s Urysohn lemma for C∗-algebras.
Theorem 4.6. Let E be a weak∗-dense JB∗-subtriple of a JBW∗-triple W . Let u, e be two
tripotents in W with u  e, u compact and e positively open relative to E. Then there exists
a norm-one element y in E ∩W2(e) such that u y  e in the JBW∗-algebra W2(e).
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dense JB∗-subalgebra of W2(e). Since W2(e) is open in W relative to E and u is compact in W
relative to E, Corollary 4.2 guarantees that u is a compact tripotent (in fact a projection) in the
JBW∗-algebra W2(e) relative to the JB∗-subalgebra E(e). By Theorem 3.2 there exists a norm-
one element x in E(e) such that x = u+P0(u)(x). It follows from Peirce rules that y = x ◦e x∗e
is a norm-one positive element in E(e) satisfying y = u+P0(u)(y), that is, u y  e in W2(e),
because u is a projection in W2(e). 
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